Abstract: In this work, we consider employing the NOMA (Non-Orthogonal Multiple Access) technique in downlink VLC (Visible Light Communication) for performance enhancement. In particular, focusing on a typical NOMA scenario with two users, we optimize the power allocation strategies under both sum-rate maximization and max-min fairness criteria, where practical optical power and QoS (Quality of Service) constraints are included. As our main contribution, we achieve optimal power allocation solutions in semi-closed forms via mathematical analysis, which, to the best of our knowledge, have not been reported in literature. Simulation results demonstrate that NOMA can provide remarkable performance gains over OMA (Orthogonal Multiple Access) in the context of VLC downlinks.
Introduction
VLC, which is a potential candidate for future wireless communications, has drawn increasing attention from both academia and industry. Compared to traditional RF (Radio Frequency) communications, VLC enjoys multiple advantages such as unlicensed spectrum, high secrecy, and immunity to RF interference [1] [2] [3] . On the other hand, the NOMA scheme has been recognized as a powerful technique for improving the performance of conventional OMA based communication systems. The main feature of NOMA is that all users' signals are multiplexed in the power domain at the transmitter, and they are detected by SIC (Successive Interference Cancellation) at the receiver [4] [5] [6] .
With respect to NOMA in RF wireless communications, a number of studies have focused on devising power allocation strategies to enhance the system performance [7] [8] [9] . The max-min fairness based power allocation was studied in Ref. [7] under both instantaneous and average CSI (Channel State Information). Alternatively, the authors in Ref. [8] considered maximizing the sum rate of the NOMA system with two users. Moreover, a general power allocation was proposed in Ref. [9] for two-user NOMA by ensuring that each user has a larger rate than that of OMA. The power allocation optimization for VLC NOMA systems has also been investigated in some recent works such as Refs. [10] [11] [12] . The authors in Ref. [10] proposed an efficient GRPA (Gain Ratio Power Allocation) strategy for VLC NOMA. Then, for NOMA in VLC, the sum logarithmic user rate maximized power allocation was developed in Ref. [11] using the Lagrangian dual method. In Ref. [12] , the authors applied the gradient projection algorithm to address the QoS constrained power allocation problems, which maximize the sum rate and minimum user rate.
In this study, we optimize the power allocation for downlink VLC NOMA systems with two users. By incorporating both optical power and QoS constraints, we respectively maximize the sum rate and minimum user rate, which are both important performance measures. First, we analyze the feasibility condition for the considered optimization problems. Furthermore, we derive their optimal solutions in semi-closed forms that can be efficiently computed, and this has not been reported in existing literature. Compared to the traditional OMA transmission, the proposed NOMA schemes can provide a higher sum rate or fairness rate, as validated via simulations.
System model description
We study a downlink VLC system with one LED (Light-Emitting Diode) and two users, as depicted in Fig. 1 . The LED communicates with the two users using the NOMA technique, which has been shown to outperform the conventional OMA scheme [4] [5] [6] . A detailed description of the considered system model is provided below. The LED transmitter first superimposes the transmit signals of the two users by
where s k ∈ [−1, 1], k = 1, 2 denotes the transmit symbol of the kth user and p k 0 represents the corresponding transmit power. Then, a DC (Direct Current) bias P o is added to x to generate the LED input such that it is nonnegative.
Figure 1 System model
For VLC channels, it has been shown that the power of the NLOS (Non-Line-of-Sight) signals is much weaker than that of the LOS signal [13] . Thus, we only need to focus on the LOS channel gain. Specifically, the channel between the LED and the kth user is modeled by [13, 14] 
where m is the Lambertian emission order of LED, A represents the detection area of the PD (Photodiode), R P denotes the responsivity of the PD, d k is the distance between the LED and user k, ψ k and φ k represent the LED irradiance angle and the PD incidence angle respectively, T (φ k ) is the gain of the optical filter, and g(φ k ) represents the gain of the optical concentrator, which is given by
where n is the reflective index of the optical concentrator and Ψ FOV is the receiver FOV (Field-of-View). Because VLC channels are known to be slow varying and the corresponding estimation error can be relatively small, we assume that perfect CSI is available at the transmitter, as reported in Refs. [10] [11] [12] . After removing the DC components, the received signals of the two users are
where z k , k = 1, 2 is the noise term, which is a realvalued zero-mean Gaussian variable, with its variance defined by
where q is the electronic charge, χ amb is the ambient light photocurrent, i amp is the pre-amplifier noise current density, and B is the system bandwidth. Without loss of generality, we assume that h 1 /σ z1 h 2 /σ z2 , i.e., user 2 is stronger. Then, user 2 should carry out SIC to remove the interference from user 1, while user 1 does not need to perform SIC. Accordingly, Eq. (4) becomes
Based on Eq. (3), Eq. (6), and Eq. (8) in Ref. [15] , we obtain the achievable rates of the two users as
It should be noted that the above rate expressions are derived by taking into account the finite amplitude of the transmit symbols (see Ref. [15] ). In the next section, we aim to find the optimal power allocation under two different design criteria, namely, sum-rate maximization and max-min fairness.
3 Optimal power allocation strategies for VLC NOMA
Sum-rate maximized power allocation
The sum-rate maximization problem is first studied for the VLC NOMA system described in section 2.
Because the transmitted signal should be nonnegative in VLC systems, we have 
whereR 1 andR 2 denote the minimum required rates for both users. Problem (8) is nonconvex with respect to the variables p 1 and p 2 . Nonetheless, we will show that it admits an optimal solution in a semi-closed form. First, we present the following lemma, which helps to simplify the problem form.
Lemma 1
The optimal solution to problem (8) must activate the inequality constraint in Eq. (8b).
Proof Assume that an optimal solution (p 1 , p 2 ) satisfies p 1 + p 2 < P o . It is evident that there always exists a positive number ξ such that p 1 + ξ + p 2 = P o holds. Furthermore, as function R 1 (p 1 , p 2 ) increases monotonically with p 1 , (p 1 + ξ, p 2 ) fulfills the constraint in (8c); meanwhile, it achieves a larger objective value than (p 1 , p 2 ). This contradicts the optimality of (p 1 , p 2 ) and thus we complete the proof.
Let us denote √ p 2 = θP o , where 0 θ 1. Then,
we readily obtain
Therefore, problem (8) can be rewritten by
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We analyze the feasibility condition of this problem in the following lemma.
Lemma 2 To guarantee the feasibility of the power allocation problem in (9),R 1 andR 2 should be selected such that
hold, where α is given by
with
Proof With respect to (9b), let us denote its lefthand side by g(θ), and assume thatR 1 > γ. Then, it can be verified that πe
Furthermore, by considering that the axis of symmetry of the quadratic function g(θ) lies in the region θ < 0, we can infer that g(0) 0 must hold because otherwise, (9b) will violate (9d). Therefore, from g(0) 0, we know that
must hold. Moreover, whenR 1 < γ, we obtain the same conclusion in an analogous manner, which is omitted here for brevity. For the case withR 1 = γ, g(θ) becomes a linear function as g(θ) = 4θ + 6σ
Clearly, to ensure that (9b) does not violate (9d), we also have g(0)
0, which amounts tõ
.
In order to fulfill the constraint (9b), we can deduce from the above analysis that θ cannot exceed the root of g(θ) = 0, which lies between 0 and 1, and can be calculated by (10) . On the other hand, by combining the constraint (9c) with θ 0, we have
Therefore, we achieve another condition for guaranteeing the feasibility of problem (9) by β α or equivalently,R .
Theorem 1
The optimal solution to problem (9) can be expressed by
where S denotes the set of all stationary points of the objective function f (θ). The stationary points of f (θ) are the roots of the following equation:
where
α and β represent two boundary points of the feasible set whose expressions have been given in Eq. (10) and Eq. (11), respectively.
Proof To determine the optimal solution to the scalar optimization problem in (9), we only need to concentrate on all feasible stationary points and all boundary points of the feasible set. According to the proof of Lemma 2, the feasible set is [β, α]. Furthermore, by letting df (θ)/dθ = 0 and performing a few tedious mathematical manipulations, we could show that all stationary points of the objective function f (θ) satisfy Eq. (12). Therefore, Theorem 1 is proved. Finally, with θ * available, we are able to calculate the optimal p * 1 and p * 2 as follows:
3.2 Max-min fairness power allocation
As opposed to the previous subsection, here, we adopt an alternative max-min fairness criterion to optimize the power allocation. Specifically, we maximize the minimum user rate subject to the optical power and QoS constraints, whose mathematical form is
where R i , i = 1, 2 is given by (7) . Although problem (15) is still nonconvex as problem (8), it also admits a semi-closed form solution, which is explained as follows. First, by adopting the similar techniques of proving Lemma 1, we can show that the constraint (15b) is also active at optimality. Accordingly, by following the steps in the previous subsection and utilizing the increasing monotonicity of the logarithmic function, we transform problem (15) into an equivalent form as
Clearly, the feasibility condition in Lemma 2 also applies to the above problem. Furthermore, as a counterpart of Theorem 1, we show its optimal solution in the following theorem.
Theorem 2
The optimal solution to problem (16) is given by
whereθ ∈ [0, 1] is the unique root of the equation
Proof It has been shown in Lemma 2 that the feasible set is [β, α]. Hence, the remaining work is to find the value of θ that maximizes the objective function h(θ). Before proceeding, we define
and
Then, it holds true that when 0 θ 1, h 1 (θ) and h 2 (θ) strictly decreases and increases with respect to θ, respectively. Moreover, because h 1 (0) = 1/A > 0, h 1 (1) = 0, h 2 (0) = 0, and h 2 (1) = 1/B > 0, we readily have
whereθ ∈ [0, 1] is the unique root of h 1 (θ) = h 2 (θ) and can be found by performing a bi-section search over the interval [0, 1] . We can clearly see that h(θ) first increases and then decreases, and its maximum
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value is achieved at θ =θ. Thus far, we have proved Theorem 2.
Note that after obtaining θ * , the optimal p * 1 and p * 2 can also be achieved by Eq. (13) and Eq. (14), respectively.
Simulation results
In this section, we present the simulation results to demonstrate the performance of the proposed NOMA power allocation strategies. In order to show the superiority of NOMA, we consider the conventional OMA transmission as a benchmark, where the two users communicate with the LED in two timeslots. The detailed simulation parameters are listed in Tab. 1. On the other hand, the sum rate first increases, then decreases, and finally increases with θ. When both users' rates are above the threshold value, i.e., the power allocation problem is feasible, the solution that maximizes the sum rate is a stationary point in the feasible set, while the max-min fairness is achieved when the rates of two users are equal. Compared to Coordinate I, the difference between the two users' channels corresponding to Coordinate II is small. It can be found that the sum rate of the NOMA strategy is clearly larger than that of the OMA scheme, especially when the optical power is relatively high. Moreover, the rate gain achieved by NOMA is more evident under Coordinate I, which means that NOMA is more advantageous when the user channels are very distinct. Note that we also apply the GP (Gradient Projection) algorithm (used in Ref. [12] ) to solve problem (8) , which can achieve almost the same sum rate as the proposed closedform solution in section 3.1. Nevertheless, the GP algorithm has a higher computational and implemen-tation complexity owing to the iterative mechanism and the fact that one convex problem needs to be solved in each iteration [12] . We compared the max-min fairness rate for the NOMA and OMA schemes in Fig. 4 , where we utilized the same parameters as in Fig. 3 . The maxmin fairness based optimal power allocation in section 3.2 is used for NOMA. For the benchmark method OMA, we allocated the maximum available power to the user with a smaller signal-to-noise ratio, while ensuring that both users achieve identical rates. Similar to the results in Fig. 3 4 that NOMA still outperforms OMA in terms of max-min fairness. Moreover, the GP method and the proposed closed-form solution in section 3.2 achieve similar performances, while the GP algorithm has a higher complexity.
Conclusions
In this study, we investigated the optimal power allocation strategies for downlink NOMA VLC. We adopted both the sum-rate maximization and maxmin fairness criteria to conduct power allocation optimization for the two-user scenario. Despite the nonconvexity of the corresponding problems, we successfully determined their semi-closed form optimal solutions. We performed simulations, and the results verified the superiority of the proposed NOMA schemes for VLC downlinks. Future research directions include considering NLOS and channel estimation errors in order to improve the system performance in realistic scenarios. Moreover, we also hope to investigate the power allocation optimization using newer and more complicated rate bounds.
